In this work, we consider a 3D cubic optical lattice composed of coupled 1D wires with 1D spin-orbit coupling. When the s-wave pairing is induced through Feshbach resonance, the system becomes a topological superfluid with ring nodes, which are the ring nodal degeneracies in the bulk, and supports a large number of surface Majorana zero energy modes. The large number of surface Majorana modes remain at zero energy even in the presence of disorder due to the protection from a chiral symmetry. When the chiral symmetry is broken, the system becomes a Weyl topological superfluid with Majorana arcs. With 3D spin-orbit coupling, the Weyl superfluid becomes a novel gapless phase with spiral Majorana modes on the surface. The spatial resolved radio frequency spectroscopy is suggested to detect this novel nodal ring topological superfluid phase.
Introduction-The study of topological phases has been one of the most important topics in physics in the past decade [1, 2] . After extensive study of the topological phases which are fully gapped in the bulk, the study of gapless topological phases which possess point nodes has attracted more and more attention [3] [4] [5] [6] [7] [8] . Particularly, 3D Weyl semimetals with topologically protected point nodes and 3D Dirac semimetals with symmetry protected point nodes have been discovered experimentally in condensed matter systems and photonic system [9] [10] [11] [12] [13] . The properties of these materials such as the magneto-resistance are under intense theoretical and experimental studies [14] [15] [16] [17] [18] . Due to the great tunability of optical lattice structures and synthetic gauge fields, fully gapped 1D and 2D topological phases have been realized in shaken optical lattices and Raman optical lattices [19, 20] . Recently, several proposals have been made to realize nodal Weyl semi-metals [21] [22] [23] [24] [25] [26] and Weyl superfluids [27] [28] [29] .
More recently, topological phases which possess nodal rings in the bulk have been proposed and studied [30] [31] [32] [33] [34] [35] [36] [37] . Unlike Weyl semimetal phases with surface Fermi arc states which connect the Weyl nodal points in the surface Brillouin zone, topological nodal ring phase supports drumheadlike surface flat bands. Due to the large density of states of the surface states at the Fermi energy, the system is expected to serve as a good platform to study novel phases caused by strong particle-particle interactions. However, it requires rather non-trivial spin-orbit coupling to achieve this nodal ring topological phase.
Unfortunately, due to the complexity of the condensed matter systems, the nodal rings proposed are far from the Fermi energy and they are usually accompanied by bulk states from other bands [30] [31] [32] [33] [34] [35] [36] [37] , which makes the observable feature from the nodal rings ambiguous. On the other hand, cold atoms in optical lattices are clean and have high controllability on both the band structures and interaction strengths. Along with its recent progress in realizing the synthetic spin-orbit coupling [38-41, 44, 45] , cold atom systems are good platforms to simulate and study nodal topological phases.
In this work, we study a 3D optical cubic lattice composed of coupled 1D wires with 1D spin-orbit coupling, which have been experimentally realized [38] [39] [40] [41] . Each individual 1D wire has spin-orbit coupling of the form k x σ z where k x is the momentum along the wire direction and σ z represents the particle spin. The wires are coupled through simple hoppings which conserve the particle spin. However, in the presence of on-site attractive interaction, which can be controlled through Feshbach resonance in cold atoms [42, 43] , the system enters the topological superfluid regime with nodal rings. Due to the nodal rings, there exist Majorana pockets with a large number of zero energy Majorana modes in the surface Brillouin zone. The nodal rings realized here are pinned exactly at the Fermi energy and well isolated from other bands. Moreover, the large number of Majorana modes remain at zero energy due to the protection from a chiral symmetry. Interestingly, by breaking the chiral symmetry, most part of the nodal ring is gapped out and the system becomes a Weyl topological superfluid with nodal points and chiral Majorana modes. Further reducing the lattice symmetry by introducing a 3D synthetic spin-orbit coupling of the form k x σ z + k y σ x + k z σ y , the Weyl nodes in the Weyl superfluid are shifted in energy and novel spiral Majorana surface states appear. These topological phases are summarised in Fig.1 . We propose that spatial resolved radio frequency spectroscopy can be used to detect this parent nodal ring topological superfluid phase.
The scheme-We consider the two magnetic sublevels |↑ = |F = 9/2, m F = −7/2 and |↓ = |F = 9/2, m F = −9/2 in 40 K atoms as the two spin-1/2 states. A pair of Raman lasers counter propagating along x direction with frequencies ω 1 , ω 2 and wave vectors k 1 , k 2 are applied to couple the two spin states through the two-photon Raman transition and generate the effective 1D spin-orbit coupled single particle [38] [39] [40] [41] , where p = −i ∇, m is the atomic mass, δ is the detuning, Ω is referred to the two-photon Rabi frequency, and q = 1 2 (k 1 − k 2 ) is the momentum transfer between the atoms and the Raman laser. The heating caused by the Raman lasers can be reduced through using a relative fast procedure to load fermions into the lowest Ramandressed band [46] . In the resonant Raman process, we consider the detuning δ ≈ 0. A cubic lattice potential V = E r ν x cos 2 Kx + ν y V y cos 2 Ky + ν z V z cos 2 Kz is further introduced to trap the 40 K atoms into the cubic optical lattice, where the E r = 2 K 2 2m is the recoil energy and ν x,y,z characterizes the depth of the optical lattice potential. For this 1D spin-orbit coupled system in the cubic lattice, a tight binding model is constructed [47] . We define the annihilation (creation) operator of T , the tight binding Hamiltonian in the k space can be written as
where ξ (k) = 2t (3 − cos k x a − cos k y a − cos k z a) and σ is the Pauli matrix in the spin space. Here t and λ SOC characterize respectively the spin-independent and spindependent nearest neighbor hopping in the cubic optical lattice with lattice constant a = π K , and Ω 0 is the effective strength of Raman coupling that acts as a Zeeman field in x direction. This 1D spin-orbit coupling can be regarded as an effective Zeeman field in the momentum space, which shifts the Fermi spheres of the spin up and spin down states away from each other along k x direction and the spin doubly degenerated states only survive in the k x = 0 plane, as is seen from Fig. 2(a) .
We next consider the spin-orbit coupled Fermi gas with s-wave contact interaction, which can be well controlled with the Feshbach resonance. In the optical lattice, this s-wave contact interaction can be described as H int = − i U n i↑ n i↓ , where U is the onsite attractive interaction strength and n is is the density operator for particles with spin s at lattice site i. For the magnetic sublevels |↑ = |F = 9/2, m F = −7/2 and |↓ = |F = 9/2, m F = −9/2 of 40 K atoms, these hyperfine states exhibit a broad Feshbach resonance at 202.1 G with width 7G [41, 46, 48, 49] . This s-wave Feshbach resonance enables the two-component fermionic atoms to form the singlet BCS cooper pairs and enter the superfluid phase [48] . Under the mean field approximation, the s-wave superfluid order parameter is defined as ∆ = −U/A k c k↓ c −k↑ with U > 0 and A the volume of optical lattice. The detail about the mean-field solution for ∆ can be found in the Supplementary Information [47] . Then the Bogliubov-de Gennes Hamiltonian in Nambu spinor basis [c k,↑ , c k,↓ , c −k,↑ , c −k,↓ ] can be written as
Here µ is the chemical potential and τ is the Pauli matrix in the Nambu space.
In the 1D spin-orbit coupled Fermi gas, once it enters the superfluid phase, the BCS cooper pairs condensate and the pairing gap is formed at the Fermi level. In the presence of the Zeeman field Ω 0 , the atoms tend to align the spin anti-parallel to the external Zeeman field and this magnetization would compete with the BCS cooper pair condensation. At k x = 0 plane, the spin-orbit coupling field is zero and the atoms with |↑ states and |↓ states cannot pair once the Zeeman field Ω 0 exceeds ∆ and as a result the Bogliubov-de Gennes quasiparticle spectrum becomes gapless. Away from the plane k x = 0, the spin-orbit coupling acts as a momentum dependent Zeeman field and pins the time reversal partners to |↑ and |↓ states respectively, which favors the BCS pairing mechanism. Due to the spin-orbit coupling, the external in-plane Zeeman field Ω becomes less effective to align the spins anti-parallel along its direction and thus the pairing gap remains finite. Consequently, the in-plane upper critical Zeeman field is strongly enhanced by the spinorbit coupling [50, 51] . Importantly, a nodal superfluid phase emerges once the Zeeman field Ω 0 goes beyond ∆, as is seen from the phase diagram in Fig.2(b) . Nodal ring superfluid -The BdG Hamiltonian for the superfluid phase of the 1D spin-orbit coupled Fermi gas can be mapped to the atomic quantum wire that hosts Majorana end states [52] [53] [54] [55] . Since the atomic spins are only coupled to k x , for fixed k y and k z the Hamiltonian is effectively reduced to H ky,kz (k x ). It enters topological nontrivial phase when the criterion
is satisfied [52] , where µ is the modified chemical potential µ = µ − 2t (2 − cos k y a − cos k z a). To illus- trate the emergence of the nodal ring, the spectral func-
−1 is the retarded Green's function, is shown in Fig.3 with E = 0. In the case Ω 0 > ∆ and µ = 0, the topological nontrivial region emerges in the k space with a nodal ring 2t (2 − cos k y − cos k z ) =
2 Ω 2 0 − ∆ 2 manifesting the topological transition, as is seen from Fig.3(a) . Gradually increasing the chemical potential µ from 0 to µ = 4t, another nodal ring emerges once µ > 2 Ω 2 0 − ∆ 2 and the topological nontrivial region is between the outer ring node 2t (2 − cos k y − cos k z ) = µ + 2 Ω 2 0 − ∆ 2 and the inner ring node µ− 2 Ω 2 0 − ∆ 2 = 2t (2 − cos k y − cos k z ), as seen from Fig.3(b) . As the Hamiltonian H respects a time-reversal like symmetry
For fixed k y and k z H respects the chiral symmetry CH ky,kz (k x ) C −1 = −H ky,kz (k x ) with C = U P U T = τ y σ x . As a result, the Hamiltonian H ky,kz (k x ) belongs to the BDI class and the topological invariant is simply the winding number [56] .
In the k space, for the range of k y and k z satisfy-
0 − ∆ 2 the winding number N BDI is nonzero, as is calculated in the Supplementary Information [47] . As a result, in the surface Brillouin zone, the region with nonzero winding number N BDI is filled with a pocket of zero energy states, as seen from Fig.3 (c) and (d) . The zero energy states are well localized on the surface of the system schematically shown in Fig.1(d) and satisfy the Majorana criterion γ (k y , k z ) = γ † (−k y , −k z ), so they form the Majorana pocket. Due to the chiral symmetry, the Majorana zero modes on each side have definite chi-
, where the chiral operator readsĈ i,i = C at the lattice site i and L/R indicates the Majorana zero modes on the left/right side surface. The Majorana zero modes are well protected by the chiral symmetry as the number of stable Majorana zero modes is equivalent to the net chirality number on the surface [57] . Since the onsite disorder does not break the chiral symmetry, the Majorana zero modes are even robust against disorder [57, 58] .
Evolution to Weyl superfluid -The topological nodal ring superfluid is protected by the chiral symmetry. When another component of spin-orbit coupling term k z σ y is introduced to form the 2D synthetic spin-orbit coupling, the chiral symmetry is broken. Now at the plane k x = 0, for nonzero k z , the new spin-orbit coupling field k z σ y aligns atomic spins at k and −k to opposite directions so that they can form Cooper pairs, while at the k z = 0 point, the spin-orbit coupling field vanishes and so does the pairing gap. As a result, the new spin-orbit coupling field lifts the ring nodal degeneracies while the point nodes remain degenerate. In this case, the topological nodal ring superfluid is further driven into the Weyl superfluid phase, as is shown in Fig.4(a) . With the recent experimental progress in synthetic 2D spin-orbit coupling [44, 45] , this Weyl superfluid phase is promising to be realized. In the presence of the 2D spin-orbit coupling, the Bogliubov-de Gennes Hamiltonian H 1 becomes
Since the atomic spin states |↑ and |↓ couple with both k x and k z , in the k space, the 2D spin-orbit coupling produces helical spin texture in the k x and k z plane, and the chemical potential is effectively modified by the k y terms in H 1 as: µ = µ−2t (1 − cos k y a). As a result, the whole system sliced by k y is equivalent to the topological superfluid that supports the chiral Majorana edge states when 2 Ω 2 0 > µ 2 +∆ 2 [52] . Parametrized by k y the Bogliubovde Gennes quasiparticle spectrum inevitably undergoes band crossings which lead to topological phase transitions. In particular, when µ < 2 Ω 2 0 − ∆ 2 there exists one pair of Weyl nodes, while for µ > 2 Ω 2 0 − ∆ 2 two pairs of Weyl nodes can emerge. The Weyl nodes in the k y axis make a sharp boundary between the topological trivial and nontrivial segment. In the nontrivial segment, there are chiral Majorana zero modes circulating on the surface seen from Fig.1(e) . In the surface Brillouin zone, the Weyl nodes are connected by the Majorana arcs, as is seen from Fig.4(c) . Spiral Majorana zero modes-The Weyl nodes formed in the 2D spin-orbit coupled superfluid phase are very stable and cannot be removed unless mutual annihilation between Weyl nodes of opposite chiralities occur due to strong perturbations. Weak perturbations can only shift the Weyl nodes in the momentum and energy space. When the 2D spin-orbit coupling evolves to the 3D synthetic spin-orbit coupling (k x σ z + k y σ x + k z σ y ), which is also known as the Weyl spin-orbit coupling [59] [60] [61] , the Weyl nodes in the Bogliubov-de Gennes quasiparticle spectrum are shifted to different energies as seen from Fig.4(b) . The corresponding Bogliubov-de Gennes Hamiltonian H 2 reads
At k x = 0, k z = 0, the Bogliubov-de Gennes quasi-particle spectrum can be solved to be E =
Clearly the spin-orbit coupling field in the k y direction shifts the Weyl nodes to different energies. Consequently, the Majorana arc connecting the two Weyl nodes of opposite chiralities acquires a finite slope shown in Fig. 4(d) . On the surface, now the circulating Majorana zero modes obtain nonzero group velocity along y direction, so the Majorana zero modes spiral forward on the surface of the system seen in Fig. 1(f) . Meanwhile, a back-flowing current in the bulk will compensate the edge currents induced by these spiral Majorana zero modes [58] . Detection-Characterized by the drumhead like edge states with large density of states, the topological nodal ring superfluid can manifest itself through local density of states measurements. In ultracold Fermi gases, the spatial resolved radio frequency spectroscopy which provides local information has been experimentally implemented [62] and it is considered to detect the large local density of states at the edge [55, 63, 64] . Experimentally, radio frequency field can be applied to transfer the |↑ = |F = 9/2, m F = −7/2 fermions to an unoccupied third hyperfine state |3 = |F = 9/2, m F = −5/2 , and then the population change in the final state can be measured to represent the spectral response, which can be approximated from the linear response theory
where ρ ↑ is the single particle spectral function, n F is the Fermi distribution, ε 3 denotes the eigen-energy for the third state and ν the radio frequency detuning. Here the final-state interaction in 40 K atoms is typically small and can be neglected [42] . With the radio frequency detuning ν = ε 3 − µ, the large number of zero energy edge states in topological nodal ring superfluid phase are expected to greatly enhance the population transfer to the final state and thus can serve as a signature of the topological phase.
Conclusion-In conclusion, we propose the realization of topological nodal ring superfluid phase in spin-orbit coupled Fermi gas. The nodal ring superfluid can further evolve into the Weyl superfluid with the synthetic 2D spin-orbit coupling. Involved with the synthetic 3D spin-orbit coupling, the Weyl nodes in the superfluid are shifted in the energy and the system possesses the novel spiral Majorana zero modes on the surface. Our study of the topological nodal superfluid is expected to provide a cold atomic platform to study the creation and manipulation [65, 66] of multiple Majorana states in nodal systems.
